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ANTONIO M. PERALTA AND BERNARD RUSSO 

Abstract. We introduce the notion of a Jordan triple module and 
determine the precise conditions under which every derivation from a 
JB*-triple E into a Banach (Jordan) triple _E-module is continuous. In 
particular, every derivation from a real or complex JB* -triple into its 
dual space is automatically continuous. Among the consequences, we 
prove that every triple derivation from a C*-algebra A to a Banach triple 
yl-module is continuous. In particular, every Jordan derivation from A 
to a Banach ^-bimodule is a derivation, a result which complements a 
classical theorem due to B.E. Johnson and solves a problem which has 
remained open for over ten years. 



1. Introduction 

Results on automatic continuity of linear operators defined on Banach 
algebras comprise a fruitful area of research intensively developed during 
the last sixty years. The monographs [38], [H] and [16] review most of 
the main achievements obtained during the last fifty years. In the words 
of A.M. Sinclair (see [48, Introduction]), "the continuity of a multiplicative 
linear functional on a unital Banach algebra is the seed from which these 
results on the automatic continuity of homomorphisms grew" . 

A linear mapping D from a Banach algebra A to a Banach ^4-bimodule 
is said to be a derivation if D(ab) = D(a)b + aD(b), for every a, b in A. 
The pioneering work of W. G. Bade and P. C. Curtis (see [2]) studies the 
automatic continuity of a module homomorphism between bi-modules over 
C(i<T)-spaces. Some techniques developed in the just quoted paper were 
exploited by J.R. Ringrose to prove that every (associative) derivation from 
a C*-algebra A to a Banach j4-bimodule M is continuous (compare [43]). 
The case in which M = A was previously treated by S. Sakai [45. j by way of 
spectral theory in A (= M). 

A Jordan derivation from a Banach algebra A into a Banach ^4-module is 
a linear map D satisfying D(a 2 ) = aD(a) + D(a)a, (a £ A), or equivalently, 
D(ab+ba) = aD(b) + D(b)a + D(a)b+bD(a), (a,b £ A). Sinclair proved that 
a bounded Jordan derivation from a semisimple Banach algebra to itself is 
a derivation, although this result fails for derivations of semisimple Banach 
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algebras into a Banach bi-module |46} Theorem 3.3]. Nevertheless, a cele- 
brated result of B.E. Johnson states that every bounded Jordan derivation 
from a C*-algebra A to a Banach j4-bimodule is an associative derivation 

(cf. ro. 

In view of the intense interest in automatic continuity problems in the 
past half century, it is natural to ask if the assumption of boundedness is 
needed in Johnson's result. It is therefore somewhat surprising that the 
following problem has remained open for fifteen years. 

Problem 1. Is every Jordan derivation from a C* -algebra A to a Banach 
A-bimodule automatically continuous? 

This problem was already posed in [51, Question 14. i]. According to [6j 
§5], Problem Q] "is an intriguing open question". In 2004, J. Alaminos, M. 
Bresar and A.R. Villena gave a positive answer to the above problem for 
some classes of C*-algebras including the class of von Neumann algebras 
and the class of abelian C*-algebras (cf. PQ). In the setting of general 
C*-algebras the question has remained open. 

Problem [T] has a natural generalization to the setting of Banach Jordan 
algebras. In the category of JB*-algebras, S. Hejazian and A. Niknam es- 
tablished in [25] that every Jordan derivation from a JB*-algebra J into J 
or into J* is automatically continuous. We recall that a linear mapping D 
from a JB*-algebra J to a Jordan Banach J-bimodule is said to be a Jordan 
derivation if D(a o b) = D(a) o b + a o D(b), for every a, b in J, where o de- 
notes the Jordan product in J and the action of J on the Jordan J-module 
(defined below). 

The above quoted paper actually contains a theorem which provides nec- 
essary and sufficient conditions to guarantee that a Jordan derivation from 
a JB*-algebra J into a Jordan Banach J-module is continuous (cf. [25, The- 
orem 2.2]). The same authors show the existence of discontinuous Jordan 
derivations from JB*-algebras into Jordan Banach modules (compare |25^ 
§3]). When the domain JB*-algebra is a commutative or a compact C*- 
algebra A, the same authors proved that every Jordan derivation from A 
into a Jordan Banach A-module is continuous (cf. |25^ Theorem 2.4 and 
Corollary 2.7]). In the setting of general C*-algebras, however, the following 
question remains open (also for fifteen years). 

Problem 2. Is every Jordan derivation from a C* -algebra A to a Jordan 
Banach module automatically continuous? 

Prior to the writing of this paper, it apparently had escaped the atten- 
tion of functional analysts that combining a theorem of Cuntz ([T5], see 
Lemma [T9l below) with the theorems just quoted from [lj and [25J concern- 
ing commutative C*-algebras yields positive answers to both Problems [1] and 
[2j We therefore can now state the following theorem. 

Theorem 3. Every Jordan derivation from a C* -algebra A to a Banach 
A-module or to a Jordan Banach module is continuous. 
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As a consequence of our main results, we are able to treat both Problems 
[T] and [2] from a new and more general point of view. We introduce the class 
of Banach (Jordan) triple modules, a class which includes, besides Banach 
modules over Banach algebras and Banach Jordan modules over Banach 
Jordan algebras, the dual space of every real or complex JB*-triple. In this 
setting, a conjugate linear (resp., linear) mapping S from a complex (resp., 
real) Jordan triple E to a triple E'-module is called a derivation if 

(1) 8{a, b, c} = {5(a), b, c} + {a, 8(b), c} + {a, b, 8(c)} , 

for every a,b,c € E. 

We determine (in Theorem [T3j) the precise conditions in order that a 
derivation from a complex JB*-triple, E, into a Banach (Jordan) triple E- 
module is continuous. We subsequently show that every derivation from a 
real or complex JB*-triple into its dual space is automatically continuous, a 
fact which has significance for the forthcoming study by the authors of weak 
amenability. 

From one point of view (another is through infinite dimensional holomor- 
phy) the theory of JB*-triples may be viewed as parallel to the theory of 
C*-algebras. The analog of the theorem of Sakai mentioned above, namely, 
the automatic continuity of a derivation from a JB*-triple into itself, that 
is, a linear map satisfying the derivation property (pQ), was proved by T. J. 
Barton and Y. Friedman [3] in the complex case and extended to the real 
case in |27| . Among the consequences of our main results, we obtain a com- 
pletely different proof for the automatic continuity results obtained in the 
just quoted papers [3] and [27] . 

We shall see that there exist examples of triple derivations from a JB*- 
triple E to a Banach triple i^-module which are not continuous (see Remark 
[T6j) , In our last results we show that these examples cannot appear when 
the domain is a C*-algebra. More concretely, in Theorem 1201 and Corollaries 
l2~Tj l22l and [23] we prove that every triple (resp., Jordan) derivation from 
a C*-algebra A to a Banach triple A- module (resp., to a Jordan Banach 
A-module) is automatically continuous, which constitute the solutions to 
Problems 1 and 2 and a completely different proof of the automatic conti- 
nuity result of Ringrose quoted above. 

In section 2 of this paper we recall the definition and basic properties 
of Jordan triples, define Jordan triple modules and submodules, and intro- 
duce and study a basic tool in our paper: the quadratic annihilator of a 
submodule. In section 3 we prove the automatic continuity results by relat- 
ing triple derivations to triple module homomorphisms and using the well 
known technique of separating spaces. The final section contains an analysis 
of the automatic continuity of every triple derivation from a C*-algebra A 
to a Banach triple ^4-module, which leads to a unified solution to Problems 
□ and El 
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Our definition of Jordan triple module is motivated by the theory of mod- 
ules over a Jordan algebra due to Jacobson [30] , together with the definition 
in the special case of the dual of a Banach Jordan triple, which was suggested 
by Tom Barton some time ago. Subsequently, we noticed that Jordan triple 
modules were defined in [37] in a form more suitable to a purely algebraic 
setting. Our definition is more suitable for the applications to C*-algebras. 

All of our results, excepting Theorem \13\ are valid for real or complex 
JB*-triples. It should be noted however that the key to the solutions to 
Problems 1 and 2 is that Theorem [13] is valid for the self-adjoint part of a 
C*-algebra, considered as a (reduced) real JB*-triple (see Proposition [T7l) . 

2. Jordan triple Modules 

2.1. Jordan triples. A complex (resp., real) Jordan triple is a complex 
(resp., real) vector space E equipped with a triple product 

E x E x E ^ E 
(xyz) ^ {x,y,z} 

which is bilinear and symmetric in the outer variables and conjugate linear 
(resp., linear) in the middle one satisfying the so-called "Jordan Identity": 

L(a, b)L(x, y) - L(x, y)L(a, b) = L(L(a, b)x, y) - L(x, L(b, a)y), 

for all a, 6, x, y in E, where L(x, y)z := {x, y, z}. When E is a normed space 
and the triple product of E is continuous, we say that E is a normed Jordan 
triple. If a normed Jordan triple E is complete with respect to the norm 
(i.e. if E is a Banach space), then it is called a Jordan-Banach triple. Unless 
otherwise specified, the term "normed Jordan triple" (resp., "Jordan-Banach 
triple") will always mean a real or complex normed Jordan triple (resp., a 
real or complex Jordan-Banach triple). 

A summary of the basic facts about the important subclass of JB*-triples 
(defined below), some of which are recalled here, can be found in [H] and 
some of the references therein, such as [M] , [21] , [22] , [39] and [50] . 

A subspace F of a Jordan triple E is said to be a subtriple if {F, F, F} C F. 
We recall that a subspace J of E is said to be a triple ideal if {E, E, J} + 
{E, J, E} C J. When {J, E,J}cJ we say that J is an inner ideal of E. 

We recall that a real (resp., complex) Jordan algebra is a (not- necessarily 
associative) algebra over the real (resp., complex) field whose product is 
abelian and satisfies (a o b) o a 2 = a o (b o a 2 ). A normed Jordan algebra is 
a Jordan algebra A equipped with a norm, ||.||, satisfying [|ct o £>[] < ||a|| ||6||, 
a, b E A. A Jordan Banach algebra is a normed Jordan algebra whose norm 
is complete. 

Every Jordan algebra is a Jordan triple with respect to 

{a, b, c} := (a o b) o c + (c o b) o a — (a o c) o b. 
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Every real or complex associative Banach algebra (resp., Jordan Banach 
algebra) is a real Jordan-Banach triple with respect to the product {a,b,c} = 
T;(abc + cba) (resp., {a, b, c} = (a o b) o c + (c o b) o a — (a o c) o b). 

An element e in a Jordan triple E is called tripotent if {e, e, e} = e. Each 
tripotent e in E induces two decomposition of E (called Peirce decomposi- 
tions) in the form: 

E = E {e) © Ei(e) © E 2 {e) = E 1 {e) © E~ l (e) © E°(e) 

where ^(e) = {i £ E : L(e,e)x = §#} for = 0,1,2 and £ fc (e) is the k- 
eigenspace of the operator Q{e)x = {e, x, e} for k = 1, —1, 0. The projection 
onto -E'fc(e), which is contractive, is denoted by -Pfc(e) for A; = 0,1,2. The 
following Peirce rules are satisfied: 

(a) £ 2 (e) = E 1 (e) © ^(e) and £°(e) = #i(e) © ^o(e), 
(6) {^(e),^(e),E fc (e)} C ^' fc (e) if tjjfe ^ 0, 

(c) { J B i (e), J E j (e), J E fc (e)} C ^_ j+fc (e), where k = 0, 1, 2 and ^(e) = 
for / ^ 0,1,2, 

(d) {i?o(e),^2(e),^} = {^(eJ^Ce),^} = 0. 

A JB*-algebra is a complex Jordan Banach algebra A equipped with an 
algebra involution * satisfying \\{a, a*,a}\\ = ||a|| 3 , a € A. (Recall that 
{a, a*, a} = 2(a o a*) o a - a 2 o a*). 

A (complex) JB* -triple is a complex Jordan Banach triple I? satisfying 
the following axioms: 

(JB*1) For each a in E the map -L(a, a) is an hermitian operator on E with 

non negative spectrum. 
(JB*2) ||{o,o,o}|| = |H| 3 for all a in A. 

Every C*-algebra (resp., every JB*-algebra) is a JB*-triple with respect 
to the product {a, b, c} = \ (ab*c + cb*a) (resp., {a, b,c} := (a o b*) o c + (c o 
b*) o a — (a o c) o b*). 

We recall that a real JB* -triple is a norm-closed real subtriple of a complex 
JB*-triple (compare The class of real JB*-triples includes all complex 

JB*-triples, all real and complex C*- and JB*-algebras and all JB-algebras. 

A complex (resp., real) J BW* -triple is a complex (resp., real) JB*-triple 
which is also a dual Banach space (with a unique isometric predual [U [39] ) . 
It is known that the triple product of a JBW*-triple is separately weak* 
continuous (c.f. [4] and [39]). The second dual of a JB*-triple E is a JBW*- 
triple with a product extending the product of E [T71 [29]. 

It is also known that, for each tripotent e in a complex JB*-triple E, E 2 {e) 
is a JB*-algebra with product and involution given by x o e y := {x, e, y} and 
x»e ■= {e,x,e}, respectively. In the case of E being a real JB*-triple E 1 (e) 
is a JB-algebra with respect to the product given in the above lines (JB- 
algebras are precisely the self adjoint parts of JB*-algebras [52]). 
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A tripotent e in a real or complex JB*-triple E is called minimal if E 1 (e) = 
Me. In the complex setting this is equivalent to say that E2(e) = Ce, because 
E~ l (e) = iE 1 {e), whereas in the real situation the dimensions of E 1 (e) and 
E~ l (e) need not be correlated. 

When E is a JB*-triple or a real JB*-triple, a subtriple I of E is a triple 
ideal if and only if {E, E,I} CJ or {E, I,E} C 7 or {£, J, 1} C I (compare 

0)- 

2.2. Jordan triple modules. Let A be an associative algebra. Let us 
recall that an A-bimodule is a vector space A, equipped with two bilinear 
products (a, x) i— > ax and (o, a;) i— )■ xa from A x X to A satisfying the 
following axioms: 

a(bx) = (ab)x, a(xb) = (ax)b, and, (xa)b = x(ab), 

for every a, b £ A and x € X. 

Let J be a Jordan algebra. A Jordan J -module is a vector space X, 
equipped with two bilinear products (a, x) \— > a o x and (x, a) i— >• x o a from 
J x X to A, satisfying: 

a o x = x o a, a 2 o (x o a) = (a 2 o x) o a, and, 

2((x oa)o6)oa + xo (a 2 ob) = 2(x o a) o (a o 6) + (x o b) o a 2 , 

for every a,b £ J and x € A (see [30l §II.5,p.82]). 

Let E be a complex (resp. real) Jordan triple. A Jordan triple E-module 
(also called triple E-module) is a vector space A equipped with three map- 
pings 

{., ., .}i : A x E x E -> A, {,,.} 2 :BxIxE4l 
and [,,.} 3 :£xExI->I 
satisfying the following axioms: 

(JTM1) {x,a, 6}i is linear in a and x and conjugate linear in b (resp., 
trilinear), {abx}s is linear in b and x and conjugate linear in a 
(resp., trilinear) and {a, x,b}2 is conjugate linear in a,b,x (resp., 
trilinear) 

(JTM2) {x, 6, o}i = {a,b,x}s, and {a, x,b}2 = {b,x,a}2 for every a,b £ E 
and x G A. 

(JTM3) Denoting by {., ., .} any of the products {., ., .}i, {., ., .}2 and {., ., .}3, 
the identity {a, b, {c, d, e}} = {{a, b, c} , d, e} — {c, {b, a, d} , e} + 
{c, c£, {a, b, e}} , holds whenever one of the elements a, b, c, d, e is in 
A and the rest are in E. 

When E is a Jordan Banach triple and A is a triple i?-module which is 
also a Banach space and, for each a, b in E, the mappings x i— > {a, b, x} 3 
and x i — y {a, x, 6} 2 are continuous, we shall say that A is a triple -E-module 
with continuous module operations. When the products {., ., .}i, {., ., .}2 and 
{., ., .}3 are (jointly) continuous we shall say that A is a Banach (Jordan) 
triple E-module. 
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It is obvious that every real or complex Jordan triple E is a real triple 
E'-module. Actually, every triple ideal J of E is a (real) triple E-module. 
It is problematical whether every complex Jordan triple E is a complex 
triple E'-module for a suitable triple product. We shall see later that triple 
modules have a priori a different behavior than bi-modules over associative 
algebras and Jordan modules (see Remark [To]) . 

Every real or complex associative algebra A (resp., Jordan algebra J) is a 
real Jordan triple with respect to {a, b, c} := \ (abc + cba), a,b,c G A (resp., 
{a, b, c} = (a o b) o c + (c o b) o a — (a o c) o b) , a, 6, c G J). It is not hard to 
see that every j4-bimodule X is a real triple A-module with respect to the 
products {a, b, x} 3 := \ (abx + xba) and {a, x, b} 2 = * (axb + bxa), and that 
every Jordan module X over a Jordan algebra J is a real triple J-module 
with respect to the products {a, b, x} 3 := (a o b) o x + (x o 6) o a — (a o x) o 6 
and {a, x, 6} 2 = (a ° o 6 + (b o x) o a — (a o 6) o x. 

Hereafter, the triple products {•,•,-},-, j = 1,2,3, which occur in the 
definition of Jordan triple module will be denoted simply by {•, •, •} whenever 
the meaning is clear from the context. 

It is a little bit more laborious to check that the dual space, E* , of a 
complex (resp., real) Jordan Banach triple E is a complex (resp., real) triple 
-E-module with respect to the products: 

(2) {a, b, if] (a?) = {tp, b, a} (x) := ip {b, a, x} 
and 

(3) {a, tp, b} (x) := <p {a, x, 6}, V(/? € E* ,a,b,x G E. 

Given a triple -E-module X over a Jordan triple E, the space E © X can 
be equipped with a structure of real Jordan triple with respect to the prod- 
uct {ai + x±,a 2 + x 2 ,a 3 + x 3 } = {cti, a 2 ,a 3 } + {x 1 ,a 2 ,a 3 } + {ai,x 2 ,a 3 } + 
{ai, 02,^3}. Consistent with the terminology in [30, §11.5], E © X will be 
called the triple split null extension of E and X. 

A subspace S of a triple i?-module X is said to be a Jordan triple submod- 
ule or a triple submodule if and only if {E, E, S} C 5 and {-E, 5, -E} C S. 
Every triple ideal J of E is a Jordan triple E-submodule of E. 

2.3. Quadratic annihilator. Given an element a in a Jordan triple E, 
we shall denote by Q(a) the conjugate linear operator on E defined by 
Q(a)(b) := {a,b,a} . The following formula is always satisfied 

Q{a)Q{b)Q[a) = Q(Q(a)b), (a, b e E). 

and remains true for Q(-) acting on a triple E-module X: 

(4) {a, {6, {a, x, a} , b} , a} = {{a, 6, a} , x, {a, 6, a}} , 

For each submodule 5 of a triple .E'-module X, we define its quadratic 
annihilator, Ann^(S), as the set {a G E : Q(a)(S) = {a,S,a} = 0}. Since 
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S is triple submodule of X, it follows by (jlj) that 

(5) {a, E, a} C Aim E {S), Va G Ann B (S) 
and 

(6) {b,Ann E (S),b} C Ann s (5), V6 G £. 

Consequently, Ann^S 1 ) is an inner ideal of whenever it is a linear 
subspace of E. Further, Ann^S) is a triple ideal of E whenever E is a 
JB*-triple and Ann^(S') is a linear subspace of E, since as noted earlier, for 
JB*-triples, @ implies {£, Ann#(S), £} C Ann B (5). 

Let £ be a Jordan triple. Two elements a and b in E are said to be 
orthogonal (written a _L i>) if L(a, 6) = L(6, a) = 0. A direct application of 
the Jordan identity yields that, for each c in E, 

(7) a _L {6, c, 6} whenever a _L 6. 

Given an element a in a Jordan triple E, we denote aM = a, a' 3 ] = {a, a, a} 
and cJ 2n+1 ] := {a,o\ 2n ~ l \a) (Vn G N). The Jordan identity implies that 
a^l = {a,a,a^} , and by induction, al 2n+1 l = L(a,a) n (a) for all n G N. 
The element a is called nilpotent if at 2n+1 ^ = for some n. Jordan triples 
are power associative, that is, {o\ k \ afl\ a 1 " 1 ^ } = a [ fc +'+ m l. 

A Jordan triple E for which the vanishing of {a, a, a} implies that a itself 
vanishes is said to be anisotropic. It is easy to check that E is anisotropic 
if and only if zero is the unique nilpotent element in E. 

Let a and b be two elements in a Jordan triple E. If L(a, b) = 0, then, 
for each c in E, the Jordan identity implies that 

{L(b, a)c, L(b, a)c, L(b, a)c} = 0. 
Therefore, in an anisotropic Jordan triple, a _L b if and only if L(a, b) = 0. 

Let a be an element in a real (resp., complex) JB*-triple E. Denoting 
by E a the JB*-subtriple generated by the element a, it is known that E a 
is JB*-triple isomorphic (and hence isometric) to Cq(L) = Cq(L,M) (resp., 
Co(L) = Cb(L,C)) for some locally compact Hausdorff space L C (0, ||a||], 
such that L U {0} is compact. It is also known that denoting by ^ the triple 
isomorphism from E a onto Cq(L), then ty(a)(t) = t (t G L) (compare [34| 
Lemma 1.14], |35} Proposition 3.5] or [11, Page 14]). The set L is called the 
triple spectrum of a. 

It should be noticed here that, in the setting of real or complex JB*-triples 
orthogonality is a "local concept" (compare Lemma 1 in [10], whose proof 
remains valid for real JB*-triples). Indeed, two elements a and b in a real 
JB*-triple E are orthogonal if and only if one of the following equivalent 
statements holds: 

(a) {a,a,6} = 0, (b) E a ± E b , (c) {b, b, a} = 0, 

(d) a _L b in a subtriple of E containing both elements. 
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Let £ be a (real or complex) Jordan Banach triple. We have already 
mentioned that E* is a triple module with respect to the products given 
in ([2]) and ([3]). The triple module structure of E* satisfies the following 
additional property: given a and b in E with a _L b (in E), we have {a, b, 92} = 
{cp,b,a} = for every if G E*. That is, a _L b in the Jordan triple E © 
E*. Orthogonal elements in E lift to orthogonal elements in the split null 
extension E © E*. 

Let X be a triple module over a Jordan triple E. We shall say that X 
has the property of lifting orthogonality (LOP in short) if 

{a, b, x} = 0, for every x £ X, a,b £ E with a _L b. 

We have just remarked that for every Jordan Banach triple E, E* is a 
triple -E-module satisfying LOP. When a Jordan triple I? is regarded as a real 
triple S-module with its natural products, then E also has LOP. However, 
not every triple module has this property. Let A be a C*-algebra regarded 
as a complex JB*-triple with respect to {a, b, c} := ^(ab*c + cb* a). As noted 
earlier, the vector space X = A is a real triple A-module with respect to 
the products {a,b, x}% := ^{abx + xba) and {a, x,b}2 := \{axb + bxa). Two 
elements a and b in a real or complex C*-algebra A are orthogonal if and 
only if ab* = b*a = or equivalently, in the triple sense, aa*b + ba*a = 
or bb*a + ab*b = (compare |10t Lemma 1]). It is not hard to find a C*- 
algebra A containing two orthogonal elements a, b with {a, b, x}s 7^ for 
some x G A. 

Let J be a norm-closed subspace of a JB*-triple (resp., a real JB*-triple) 
E. Clearly, J is a triple ideal of E if and only if J is a triple i?-submodule 
of E. Let J be a triple ideal of E regarded as a Jordan triple E'-submodule. 
We clearly have 

Ann E (J) :={a£E: Q(a)(J) = 0} D J L := {a G E : a _L J}. 

Suppose now that a € Ann E (J). Replacing J with its weak*-closure in 
E**, we may assume that E is a JBW*-triple, J is a weak*-closed triple 
ideal and Q(a)(J) = 0. By [28, Theorem 4.2 (4)], there exists a weak*- 
closed triple ideal K in E such that E = J ® K and J _L il". Writing 
a = ai + CL2 with ai G J and 02 G X, we deduce, by orthogonality, that 

f3l 

a i = Q(a)( a i) £ Q{o){J) = 0, and hence a = 02 _L J. We state this as a 
Lemma. 

Lemma 4. Lei E be a JB*-triple (resp., a real JB* -triple) . For each triple 
ideal J in E we have Ann E {J) = J 1 - is a norm closed triple ideal of E. □ 

Let E be a JB*-triple (resp., a real JB*-triple). For each x in E, E(x) will 
denote the norm-closure of {x, E, x} in E. It is known that E(x) coincides 
with the norm-closed inner ideal of E generated by x and E x C E{x) (see 
P). By P Proposition 2.1], is a JB*-subalgebra of the JBW*-algebra 

If* 

-E(x)** = -B(x) = £"|*(r(x)), where r(cc) is the (so called) range tripotent 
of x in E** . It is also known that x G E{x) + . 
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For each functional ip £ E* , there exists a unique tripotent s = s((p) in 
E** satisfying that (p = ipP 2 (s) and ^p\e**(s) 1S a faithful normal positive 
functional on E%*(s) (compare [211 Proposition 2] and [391 Lemma 2.9] and 
[30l Lemma 2.7], respectively). The tripotent s(ip) is called the support 
tripotent of ip in E**. 

Proposition 5. Let E be a J B* -triple (resp., a real JB* -triple). For each 
triple submodule S C E* , 

(a) the quadratic annihilator Ann E {S) is a norm closed triple ideal of 
E, 

(b) Ann B (S)= En (fives Eo*W<P)j), 

(c) {Ann E (S), Ann E (S), S} = in the triple split null extension E@E* . 

Proof. We prove (b) first. For each a G Ann B (S') and each ip £ S, we 
have by definition, {a,(p,a} = and hence (pQ(a)(E) = 0. It follows that 
E{a) C ker(<^) for every tp G S, a G Ann B (S'). In particular, ip(a) = 0. Since 
S is a triple submodule, for every b € E, {(p,b, a} £ S, so {p,b, a}(a) = 0, 
that is, (p {a, a, b} = 0. 

Fix (p £ S. We have already seen that ip {a, a,b} = for every b G E. 
Since E is weak*-dense in E** and (p{a,a, .} is weak* -continuous on E**, 
we deduce that ip {a, a, b} = 0, for every b G E**. Thus, 

(8) ip{a,a,s(ip)} = 0, 

where s = s(ip) G E** denotes the support tripotent of ip in E**. 

Proposition 2 and Lemma 1.5 in |21j together with the Peirce arithmetic 
imply that the mapping 

(x,y) ^ ip{x,y,s} = ip{P 2 (s)x,P 2 (s)y,s} + (p{P 1 (s)x,Pi(s)y,s} 

is faithful and positive on E2*(s) © E^*(s), that is, </? {x, x, s} > for every 
x G E**(s) E**(s) and ip {x, x, s} = if and only if x = 0. By flSJ), 

= ip{a, a, s(ip)} = ip{P 2 (s)a + Pi(s)a, P 2 (s)a + Pi(s)a,s} , 

which implies that P 2 (s)a = Pi(s)a = 0. 

We have shown that Ann s (5') C E n -Eg*^^))) f° r every ip G 5. This 
assures that 

(9) Ann B (S)C£nm£o*(^)))- 

To prove the reverse inclusion, let b belong to the right side of (j9]), let ip G S 
and let c G E have Peirce decomposition c = c 2 + c\ + cq with respect to 
s(ip). From Peirce arithmetic, {6, (p,b} (c) = c, b} = ip{b,co,b} = 0, 
proving equality in ([9]) and establishing (b). 

To prove (c), let b, c G Ann B (iS) and <p G S". Then for x = X2 + x\ + Xo G 
E 1 (with respect to s(ip)), by Peirce rules and properties of the support 
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tripotent, {b, c, (p} (x) = if {c, b, x} = p {c, b, a^j + V 9 {c, b, xi} + ip {c, b, xo} = 
0, which proves c). 

Because of (J5j) and ([6]), to prove (a) it remains to show that Ann B (S') is 
a linear subspace of E. Take a,b G Ann B (5*). Since, by Peirce arithmetic, 
Q{a,b){E) CEnE**(s(ip)), and L(a, 6)(E) C (^*(s(^)) © Ef(s(^))) , 
for every ^ £ 5, it follows that {a, </?, 6} = 0, and {a, 6, <£>} = 0, for every 
ip G S. Therefore (using only the first of these two facts), 

Q(a + b)ip = Q(a)tp + Q(b)tp + 2Q(a, b)ip = 0, 

for every a,b € Axm E (S) and ip € S, which implies that Ann B (S") is a linear 
subspace of E and completes the proof. □ 

Remark 6. Let E be a real or complex JB* -triple regarded as a real Banach 
triple E-module. It can be easily seen that norm-closed triple E-submodules 
and norm-closed triple ideals of E coincide. The conclusions in the above 
Proposition [5] remain true for any norm-closed triple E-submodule (i.e. 
norm-closed triple ideal) of E. Indeed, let S = J be a norm-closed triple 
ideal of E. By Lemma^ Auue{J) = J^, which implies that 

{Ann E (J), Ann E (J), J} = 0, 

in the triple split null extension E © E. 

3. Triple derivations and triple module homomorphisms 

3.1. Triple derivations. Separating spaces have been revealed as a use- 
ful tool in results of automatic continuity. This tool has been applied by 
many authors in the study of automatic continuity of binary and ternary 
homomorphims, derivations and module homomorphisms (see, for example, 
[Ill[a[53[32l[33l[47l[48l[l4]and[l5], among others). These spaces also play 
an important role in the subsequent generalisations of Kaplansky's theorem 
(compare [I2ll26j and [IB]). 

Let T : X — > Y be a linear mapping between two normed spaces. Follow- 
ing [42l Page 70], the separating space, a Y (T), of T in Y is defined as the 
set of all z in Y for which there exists a sequence (x n ) C X with x n — > 
and T(x n ) — > z. The separating space, a x (T), of T in X is defined by 
a x {T):=T-\a Y (T)). 

A straightforward application of the closed graph theorem shows that a 
linear mapping T between two Banach spaces X and Y is continuous if and 
only if o~ Y (T) = {0} (c.f. [12, Proposition 4.5]). It is known that o~ x (T) and 
o Y (T) are closed linear subspaces of X and Y, respectively. 

A useful property of the separating space a Y (T) asserts that for every 
bounded linear operator R from Y to another Banach space Z, the com- 
position RT is continuous if and only if o~ Y (T) C ker(i?). Further, there 
exists a constant M > (which does not depend on R nor Z) such that 
< M \\R\\, whenever RT is continuous (compare [48 \ Lemma 1.3]). 
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Let E be a complex (resp., real) Jordan triple and let X be a triple E- 
module. We recall that a conjugate linear (resp., linear) mapping 5 : E — > X 
is said to be a derivation if 

5{a, b, c} = {6(a), b, c} + {a, 5(b), c} + {a, b, 5(c)} . 

Note that derivations on complex JB*-triples to themselves are linear 
mappings but that a derivation from a complex JB*-triple into a complex 
triple module is conjugate linear by this definition. This is not inconsistent, 
since as we have noted earlier, it is not clear that a complex JB*-triple E 
can be made into a complex triple E-module. 

Lemma 7. Let 5 : E — > X be a triple derivation from a Jordan Banach 
triple to a Banach (Jordan) triple E-module. Then o~ x (5) is a norm-closed 
triple E-submodule of X and a E (5) is a norm-closed subtriple of E. 

Proof. Given a, b in E and x G a x (5), there exists a sequence (c n ) in E 
with (c n ) —7- and 5(c n ) — > x in norm. The sequence ({a, b, c n }) (resp., 
({a, d, b})) tends to zero in norm and 5 {a, b, c n } = {5a, b, c n } + {a, 5b, c n } + 
{a, b, 5(c n )} — > {a, b, x} (resp., 5 {a, c n , b} — >■ {a, x, b}), which proves the first 
statement. 

If a,b,c G o~e(5), then 5a, 5b, 5c G ax(5) and by the first statement 
5{a,b,c} G o~x(5), as required. □ 

Let 5 : E — > X be a triple derivation from a Jordan Banach triple E to a 
Banach triple -E-module. Since a x (5) is a norm closed triple E-submodule 
of X, Ann^(o" x (5)) is a norm closed inner ideal of E whenever it is a linear 
subspace of E (actually, in such a case, it is a triple ideal when E is a real 
or complex JB* -triple). 

Let us take a in E. Since 5 is in particular a linear mapping, from the 
useful property mentioned above, cr x (5) C ker(Q(a)) if and only if Q(a)5 is 
a continuous linear mapping from E to X, and we deduce that 

Anne (cr x (5)) = {a G E : Q(a)5 is continuous}. 

Moreover, for each a in E, 5Q(a) = Q(a)5 + 2Q(a,5a), and it follows that 
Q(a)5 is continuous if and only if 5Q(a) is. 

3.2. Triple module homomorphisms. Let X and Y be two triple E- 
modules over a real or complex Jordan triple E. A linear mapping 
T : X — >■ Y is said to be a triple E-module homomorphism if the identi- 
ties 

T {a, b, x} = {a, b, T(x)} and T {a, x, b] = {a, T(x), b] , 
hold for every a,b G E and x G X. 
As above, 



Ann^(cr y (T)) = {a G E : Q(a)T is continuous} 
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and since a triple module E'-homomorphism T : X — > Y commutes with 
Q(a) (acting on X), we have 



where Q{a) acts on Y. 

The argument applied in the proof of Lemma [7] is also valid to prove the 
following result. 

Lemma 8. Let E be a Jordan Banach triple and let T : X — > Y be a 
triple E-module homomorphism between two Banach space which are triple 
E-modules with continuous module operations. Then a Y (T) and a x (T) are 
norm closed triple E-submodules ofY and X, respectively. □ 

The following lemma provides a key tool needed in our main result. 

Lemma 9. Let E be a Jordan Banach triple, X a Banach triple E-module 
satisfying LOP, Y a Banach space which is a triple E-module with contin- 
uous module operations and T : X — >■ Y a triple module homomorphism. 
Then for every sequence (a n ) of mutually orthogonal non-zero elements in 
E, we have: 

(a) Q(a n ) 2 T is continuous for all but a finite number of n; 

(6) a n belongs to Ann^((T i ,(T)) for all but a finite number of n; 
(c) the set 



is bounded. 

Proof. Suppose that the statement (a) of the lemma is false. Passing to 
a subsequence, we may assume that Q(a n ) 2 T is an unbounded operator 
for every natural n. In this case we can find a sequence (x n ) in X sat- 
isfying \\x n \\ < 2~ n ||a n ||~ 2 , and \\Q(a n ) 2 T(x n )\\ > n K n , where K n is the 
norm of the bounded conjugate linear operator Q(a n ) : Y — > Y, Q(a n )y = 
{a n ,y,a n }. Since Q{a n ) 2 T is discontinuous K n = \\Q{a n )\\ ^ 0, for every n. 
(Note that ||Q(o)|| < M\\a\\ 2 for some constant M.) 

The series X^fc^i Q( a k)(xk) defines an element z in the Banach triple 
module X. For n ^ k, the LOP and the identity 



shows that {ak,{a n ,x,a n } ,ak} = 0. That is, Q(ak)Q(a n ) = for k ^ n 
and the same argument shows that for any b € E, 



Ann£;(cTy (T)) = {a € E : TQ(a) is continuous} 




: Q(a! n ')T is continuous 



{x, a n , {a k , a n , a k }} + {a k , {a n , x, a n } , a k } = 
{{x, a n , a k } , an, a k } + {a k , a n , {x, a n ,a k }} 




\\Q{a n )T(z)\\ = \\TQ(a n )(z)\\ 
||TQK) 2 (x n )|| = ||Q(a n ) 2 T(x n )|| > K n n, 



for n ^ k. 
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which is impossible. This proves (a). 

Since Q(a n ) 2 T is continuous for all but a finite number of n and the 
module operations are continuous on Y, it follows that Q(a n )Q(a n ) 2 T = 
Q(a n ) 3 T = Q{an)T is continuous (and hence, o»f G Ann£;(o" y (T))) for all 
but a finite number of n. This proves (b). 

In order to prove (c) we may assume that Q(a n ) 2 T is continuous for 
every natural n. Arguing by reduction to the absurd, we assume that 

^i| an |i^ : € N 1 is unbounded. There is no loss of generality in as- 



suming that ||a n || = 1, for every n. By the Cantor diagonal process we may 
find a doubly indexed subsequence (a p>q ) p q€N of (a n ) and a doubly indexed 

rql 

sequence (x p , g ) in the unit sphere of X such that Q(ap,q) T(x PA ) > A 2q q p. 

Let bp := Yl^=i a p,q e E. We observe that a Pj<? _L a^ m for every 
(p,q) 7^ (l,m). It is therefore clear that (b p ) is a sequence of mutually 
orthogonal elements in E. Having in mind that X satisfies LOP, we deduce 
from @ and (OH that Q{b p ) 2 Q{a PA )(x) = 4~ 2 « Q{a [ p \){x) 1 for every x in 
X. Thus, 

\\Q(bp) 2 TQ(a m )(x p , q )\\ = \\TQ{b p ) 2 Q(a PA ){x Ptq )\\ 



-2q 



TQ(a p %)(x m ) =4~ 2 <? Q(a®)T(x 



> QP, 



for every p, q in N, which shows that Q(b p ) T is unbounded for every p G N. 
This contradicts the first statement of the lemma and proves (c). □ 

Let E be a complex (resp., real) Jordan triple and let X be a triple E- 
module. It is not hard to see that for every derivation 5 : E — > X the 
mapping 

G s : £ -»■ £ © X 
a^a + 5(a) 

is a real linear Jordan triple monomorphism between from the real Jordan 
triple E to the triple split null extension E © X. (We observe that, in this 
case, E is regarded as a real Jordan triple whenever it is a complex Jordan 
triple). 

When X is a Jordan Banach triple E'-module over a real or complex JB*- 
triple E, we define a norm, ||.||o, on the triple split null extension of E and 
X by the assignment a + x^- ||a + x|[o := ||a|| + ||x||. The real Jordan triple 
E(BX becomes a real Jordan Banach triple. It is not hard to see that, in this 
setting, a derivation 5 is continuous if and only if the triple monomorphism 
@s is. Moreover, the separating spaces a x {5) and cr EBX (@s) are linked by 
the the following identity 

(11) a E9X (Q s ) = {0}xa x (5). 

Moreover, 

Ann E (a E (Bx(Q8)) = Awx E (a x (S)). 
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The linear space @s(E) is a subtriple of E © X and is made into a triple 
-E-module for the products 



{a, b, &s(c)} = O s ({a, b, c}) = {6.5(a), & s (b), Q s (c)} = {a, e s (b),c} , 



(a, b,c £ E). These products can be extended to the ||.||o-closure, @$(E), of 
s(E). Under this point of view, the mapping Q$ : E — > Qs(E) is a triple 
£"-module homomorphism. The following result derives from the previous 
Lemma [U since Q(a)Q$ = Q(a) © Q(a)5. 

Corollary 10. Let E be a complex (resp., real) JB* -triple, X a Banach 
space which is a triple E-module with continuous module operations and let 
5 : E — > X be a triple derivation. Then for every sequence (a n ) of mutually 
orthogonal non-zero elements in E, Q(a n ) 2 5 is continuous for all but a finite 

number of n. It follows that a n belongs to Anng;(<7 x {§)) for all but a finite 
number of n. Moreover, the set 



is bounded. □ 

Let E be a real or complex JB*-triple. We shall say that E is algebraic 
if all singly-generated subtriples of E are finite-dimensional. If in fact there 
exists m £ N such that all single-generated subtriples of X have dimension 
< m, then E is said to be of bounded degree, and the minimum such an m 
will be called the degree of E. 

Corollary 11. Let E be a complex (resp., real) JB* -triple, X a Banach 
triple E-module and let 5 : E — > X be a triple derivation. Suppose that 
AnnE(o~ x (5)) is a norm closed triple ideal of E. Then every element in 
Ej AnnE(o~ x (5)) has finite triple spectrum, in other words, the JB* -triple 
E / AnnE{o~ x {5)) is isomorphic to a Hilbert space or, equivalently, algebraic 
of bounded degree. 

Proof. Let a be an element in the JB*-triple F = E/KrmE{o~ x (5)). Let I a 
denote the intersection of E a with AnnE(<r x (S)). It is clear that I a is a norm 
closed triple ideal of E a . Moreover, the subtriple Fa is JB*-triple isomorphic 
to the quotient of E a with I a . 

E a is JB*-triple isomorphic (and hence isometric) to Cq{L) = Co(L,C) 
(resp., Co(L) = Co(L,R)) for some locally compact Hausdorff space L C 
(0, ||a||] (called the triple spectrum of a) such that L U {0} is compact. We 
shall identify E a with Cq{L). It is known (compare |2U[ Proposition 3.10]) 
that E a /I a ^ Cb(A) where 



We claim that the set A is finite. Otherwise, there exists an infinite se- 
quence (t n ) in A. We find a sequence (f n ) of mutually orthogonal elements 




A = {t € L : b(t) = 0, for every b £ I a }. 
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in Cq(L) such that f n {t n ) / and hence f n I a and f n I a - Since 
orthogonality is a "local" concept, (/ n ) is a sequence of mutually orthog- 

onal elements in E and (fn ) Ann^ (a x (5)), we have a contradiction to 
Corollary [TDJ 

It follows that E a /I a = Fa is finite dimensional. The final statement 
follows from (8J §4] and [5J §3, Theorems 3.1 and 3.8]. □ 

3.3. Automatic continuity results. Our main result (Theorem [T3|) will 
be proved in two steps, the first being the following proposition. 

Proposition 12. Let E be a complex (resp., real) JB* -triple, X a Banach 
triple E-module, and let 5 : E — >• A be a triple derivation. Assume that 
AnnE(o~ x (5)) is a (norm-closed) linear subspace of E and that in the triple 
split null extension E X, 

(12) {Ann E (a x (5)), Ann E (a x (5)), a x (5)} = 0. 
Then b~\A nnE ( a ($)) : AnriE(cr x (8)) —> X is continuous. 

Proof. By Lemma ^ s a triple E-submodule of X. Since we are 

assuming that Ann#(<7 x (5)) is a norm-closed subspace of E, as we have 
seen, it is a norm-closed triple ideal of E. 

Fix two arbitrary elements a, b in Ann^(o" x (5)). Since a+b € Ann^ (a x (<5)), 
for every x in a x (5), we have 

2 {a, x, b} = {a + b, x, a + 6} — {a, x, a} — {b, x, b} = 0, 
Hence, in addition to our assumption fjl2|> . we also have 

{a, x,b} = 0, for every x G c x (#), a, 6 € Anne(a x (5)), 

that is, 

(13) {Ann B (a x (5)),a x ( ( 5),Ann E ( f 7 x (5)} =0. 

Considering L(a,b) and Q(a,b) as linear mappings from A to A de- 
fined by L(a,b)(x) = {a,b, x} and Q(a, b)(x) = {a,x,b} (x 6 A), we 
deduce from (TTZI) . (fT3l) that o"x(<5) C kerL(a, 6) Piker Q(a, 6) and there- 
fore that L(a, b)S, Q(a, b)5 : E — > X are continuous operators for every 
a, b G Ann£;(c7 x (<5)). 

When L(a,b) and Q(a,b) as considered as (real) linear operators from E" 
to E, the compositions 5L(a,b) and 5Q(a,b) satisfy the identities 

5L(a,b)(c) = {6(a), b,c} + {a,5{b),c} + {a, b, 5(c)} 

= L(5a, 6)(c) + L(o, <Jb)(c) + L(a, 6)5(c) 

and 

5Q(a,b)(c) = {5(a),c,b} + {a,5(c),b} + {a,c,5(b)} 

= Q(5a, b)(c) + Q(a, b)8{c) + Q(a, 5b){c). 

for an arbitrary c £ E. Since A is a Banach triple E-module, the continuity 
of L(a, b)S and Q(a, b)5 as operators from E to A implies that the mappings 
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c i—)- 5({a, 6, c}) and c h-> <5({a, c, 6}) are continuous linear operators from E 
to X. 

Let W : AnnE(<7 x (<5)) x Ann^er^ (5)) x AnnE(cr x (<5)) — >■ X be the real 
trilinear mapping defined by W(a,b,c) := 6({a,b,c}). We have already 
seen that W is separately continuous whenever we fix two of the variables 
in (a, b, c) € Ann^(o" x (5)) x Ann^(o" x (5)) x Ann^(o" x (<5)). By repeated 
application of the uniform boundedness principle, W is (jointly) continu- 
ous. Therefore, there exists a positive constant M such that ||<5{<x, b, c} || < 
M \\a\\ \\b\\ \\c\\, for every a, 6, c € Ann^(cr x (5)). 

Finally, since Anns(o" x (<5)) is a JB*-subtriple of E, for each a in 
Anng;(<7 x (<5)), there exists b in Ann^ (cr x (<5)) satisfying that fr™ = a. In 
this case 

\\S(a)\\ = \\6{b,b,b} \\ < M \\bf = M\\ {6,6,6} |[ = M \\a\\, 

which shows that the restriction of 5 to Ann e(ct x (5)) is continuous. □ 

We can state now the main results of the paper. 

Theorem 13. Let E be a complex JB* -triple, X a Banach triple E -module, 
and let 5 : E — > X be a triple derivation. Then 5 is continuous if and only 
if AnnE(o~ x (8)) is a (norm-closed) linear subspace of E and 

{Ann E (a x (5)),Ann E (a x (5)),a x (5)} = 0, 

in the triple split null extension E © X. 

Proof. If 5 is continuous Amig(er x (£)) = Ann£;({0}) = E is a linear sub- 
space of E and {E, E, 0} = 0. 

Conversely, let us suppose that E is a complex JB*-triple and that 
Ann^(o" x (5)) is a norm-closed subspace of E and hence a norm-closed triple 
ideal of E. 

In order to simplify notation, we denote J = Ann^(o" x (6)), while the 
projection of E onto E/J will be denoted by a \— > ir(a) = a. 

By Corollary [Til E/J is algebraic of bounded degree m. Thus, for 
each element a in E/J there exist mutually orthogonal minimal tripotents 
ei,...,efe in E/J and < Ai < . . . < with k < m such that a = 
Ylj=i ^ e shall show in the next two paragraphs that e%, . . . , e& G J, 

and hence, a E J. This will show that E = J and application of Proposi- 
tion [12] will complete the proof. 

Suppose that e is a minimal tripotent in E/J, where e G E is a repre- 
sentative in the class e. In this case (E/J) 2 (e) = Ce. Take an arbitrary 
sequence (a n ) converging to in E. For each natural n, there exists a scalar 
fj, n G C such that 

7r(Q(e)(a n )) = Q(e)(ir(a n )) = Q(e)(a n ) = /x„e = 7r(/x n e). 

The continuity of 7r and the Peirce 2 projection P2(e) assure that fj, n — > 0. 
It follows that the sequence Q(e)(a n ) — \i n e lies in J and tends to zero in 
norm. 
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By Proposition 1121 5\j is continuous. Therefore, 

5{Q(e)(a n )) = 5(Q{e){a n ) - fj, n e) + fi n 5(e) ->■ 0. 

Since (a n ) is an arbitrary norm null sequence in E, the linear mapping 
5Q(e) : E — > X is continuous, and hence e € Amig^c^ (5)) = J, or equiva- 
lently, e = 0. □ 

Let E be a real JB*-triple. By [29, Proposition 2.2], there exists a unique 
complex JB*-triple structure on the complexification E = E i E, and a 
unique conjugation (i.e., conjugate-linear isometry of period 2) r on £ such 
that E = E T := {x £ E : t(x) = x}, that is, E 1 is a real form of a complex 
JB*-triple. Let us consider 

r a : E* -> 

defined by 

r«(/)(z)=7Mi)). 

The mapping is a conjugation on Furthermore the map 

(£*) r " — > {E T Y (= 

is an isometric bijection, where (E*)^ := {f £ E* : r"(/) = /} (compare 
[291 Page 316]). 

Remark 14. Let <5 : i£ — > E* be a triple derivation from a real JB*-triple 
to its dual. It is not hard (but tedious) to see that, under the identifications 
given in the above paragraph, the mapping 5 : E — >• E* , S(x + iy) := 
5(x) — id(y) is conjugate-linear and a triple derivation from E to E*, when 
the latter is seen as a triple ^-module. 

Actually, although the calculations are tedious, the triple products of 
every real triple i?-module, X, can be appropriately extended to its algebraic 
complexification X = X (BiX to make the latter a complex triple i?-module. 
Further, every (real linear) triple derivation 5 : E —■ X can be extended to 
a (conjugate linear) triple derivation 5 : E — > X. 

Corollary 15. Let E be a real or complex JB* -triple. 

(a) Every derivation 5 : E — > E is continuous. 

(b) Every derivation 5 : E — > E* is continuous. 

Proof. The proof in the complex case follows now from Proposition [5] and 
Theorem [131 (In Theorem \13\ we consider E as a real triple and as a real 
-E-module, and 5 as a real-linear map.) The statements in the real setting 
are, by Remark [T4"l direct consequences of the corresponding results in the 
complex case. □ 
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The first statement of the above corollary was already established in [3] 
Corollary 2.2] and [271 Remark 1]. The proof given here is completely in- 
dependent. The second statement is new and will be important for a forth- 
coming study by the authors of weak amenability for JB*-triples. 

Recall that every derivation of a complex C*-algebra A into a Banach 
A-bimodule is automatically continuous [43J. The class of Banach triple 
modules over real or complex JB*-triples is strictly wider than the class of 
Banach bimodules over C*-algebras. Our next remark shows that, in the 
more general setting of triple derivations from real or complex JB*-triples 
to Banach triple modules the continuity is not, in general, automatic. 

Remark 16. Let H be a real Hilbert space with inner product denoted by 
(., .). Suppose that dim(H) > 2. Let J denote the Banach space CI H. 
It is known that J is a JB-algebra with respect to the product 

(Ail + a\) o (A 2 1 + a 2 ) := \\a 2 + A 2 ai + (AiA 2 + (a±, a 2 ))l. 

The JB-algebra (J o) is called a spin factor (see [21]). It follows that J is a 
real JB*-triple via {a, b,c} := (a o b) o c + (c o b) o a — (a o c) o b, (a, b,c G J). 

It was already noticed by Hejazian and Niknan (see |25[ Definition 3.2]) 
that every Banach space X can be considered as a (degenerate) Jordan 
J-module with respect to the products 

(Ail + ai) o x = x o (Ail + ai) = Xix, (x G X, X 1 e R, m G H). 

Since every linear mapping D : J — >■ X with -D(l) = is a Jordan derivation 
(i.e. D(aob) = D(a) o b + a o D(b), Va, b G J), for every infinite dimensional 
spin factor J, there exists a discontinuous derivation from J to a degenerate 
Jordan J-module. 

Each degenerate Banach Jordan J-module X is a Banach triple J-module 
with respect to {a, b,x} := (a o b) o x + (x o 6) o a — (a o x) o 6 and {a, x, 6} = 
(a ox) o 6+ (6 o x) o a — (a o b) o x (a, 6 G J, x G X), and each linear mapping 
5 : J —> X with 5(1) = is a triple derivation. Thus, for each infinite 
dimensional spin factor J there exists a discontinuous triple derivation from 
J to a Banach triple J-module. 

4. Derivations on a C*-algebra 

A celebrated result due to J.R. Ringrose establishes that every (associa- 
tive) derivation from a C*-algebra A to a Banach A-bimodule is continuous 
(cf. [43]). We have already commented that S. Hejazian and A. Niknam 
gave in [251 §3] an example of a discontinuous Jordan derivation from a 
JB*-algebra to a Jordan Banach module. Based on this example, we have 
already shown the existence of a discontinuous triple derivation from a JB*- 
triple to a Banach triple module (see Remark [16]). The aim of this section is 
to show that these two counterexamples cannot be found when the domain 
is a C*-algebra, thereby providing positive answers to Problems 1 and 2 
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(Corollaries 20 and 21). We shall also see that Ringrose's Theorem derives 
as a consequence of our results (Corollary 22). 

We shall actually prove a stronger result: every triple derivation from a 
C*-algebra to a Banach triple module is automatically continuous (Theorem 
19), which will imply these three corollaries. 

We shall need a technical reformulation of Theorem [13] above. Theorem 
[T3l has been established only for complex JB*-triples. The proof given in 
Section 3 is not valid for real JB*-triples. The obstacles appearing in the 
real setting concern the structure of the Peirce-2 subspace associated with a 
minimal tripotent. We have already commented that, in case of E being a 
complex JB*-triple, the identity E~ l (e) = iE 1 ^) holds for every tripotent e 
in E, whereas in the real situation the dimensions of E 1 ^) and E~ 1 (e) are 
not, in general, correlated. For example, every infinite dimensional rank- 
one real Cartan factor C contains a minimal tripotent e satisfying that 
C 1 (e) = Me and dim(C _1 (e)) = +oo (compare |19[ Remark 2.6]). 

Following |38[ 11.9], we shall say that a real JB*-triple E is reduced when- 
ever E 2 {e) = Me (equivalently, E~ l (e) = 0) for every minimal tripotent 
e € E. Reduced real Cartan factors were studied and classified in [38, 11.9] 
and in |36[ Table 1]. Reduced real JB*-triples played an important role in 
the study of the surjective isometries between real JB*-triples developed in 

P2J- 

Having the above comments in mind, it is not hard to check that, in 
the particular subclass of reduced real JB*-triples the proof of Theorem [131 
remains valid line by line. We therefore have: 

Proposition 17. Let E be a reduced real JB* -triple, X a Banach triple 
E-module, and let 5 : E — » X be a triple derivation. Then 5 is continuous 
if and only if AnnE(o~ x (5)) is a (norm-closed) linear subspace of E and 

{Ann E (a x (5)),Ann E (a x (5)),a x (5)} = 0, 

in the triple split null extension E © X . □ 

Every closed ideal of a reduced real JB*-triple is a reduced real JB*-triple. 
It is also true that the self-adjoint part, A sa , of a C*-algebra, A, is a reduced 
real JB*-triple with respect to the product 

/-, a\ r , -» a bc + cba . . . . 

(14) {a,b,c}:= (a,b,ceA sa ), 

or equivalently, 

(15) {a, b, c} := (a o b) o c + (c o b) o a — (a o c) o 6, (a, b, c € A sa ). 

Indeed, writing e = p — q for a minimal partial isometry e E A sa with p and 
q orthogonal projections, it is easy to check that e = p or e = — q and it 
follows that if exe = —x, then x = 0. In particular, for each closed triple 
ideal J of A sa , the quotient A sa /J is a reduced real JB*-triple. 
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Our next result is a consequence of the previous proposition. Note that 
the fact that A sa is a reduced JB*-triple is only needed in the case that A 
is an abelian C*-algebra. 

Proposition 18. Let A be an abelian C* -algebra whose self adjoint part is 
denoted by A sa . Then, every triple derivation from A sa to a real Jordan- 
Banach triple A sa -module is continuous. In particular, every triple deriva- 
tion from A into a real Jordan-Banach triple A-module is continuous. 

Proof. Let 5 : A sa — > X be a triple derivation from A sa into a real Jor- 
dan triple A sa -module. The statement of the proposition will follow from 
Proposition [TTl as soon as we prove that Ann(cr x (<5)) = Ann,A sa (<7 X (<5)) is a 
(norm-closed) linear subspace of A sa and 

{Ann(a x (5)),Ann(a x (5)), a x (5)} = 0. 

Let us take a G Ann(cr x (<5)). Having in mind that a G Ann(cr x (<5)) if, 
and only if, Q(a)6 (or equivalently, SQ(a)) is a continuous operator from 
A sa to X (see the comments after Lemma [7]), we observe that 5Q(a) is 
a continuous mapping from A sa to X. Obviously, for each b in A sa , the 
operator Lt> : A sa — > A sa , c \— > cb = be is continuous. Since A is abelian 
we have L(a 2 ,b) = Q(a)Lb = LbQ(a). Therefore SL(a 2 ,b) = SQ(a)Lb is a 
continuous operator from A sa to X. The identity 

5L{a 2 , b) = L(8(a 2 ), b) + L(a 2 ,5{b)) + L(a 2 , b)8 

shows that L(a 2 ,b)5 is continuous. It is easy to check, from the definition 
of <t x (6), that {a 2 , 6, x} = 0, for every x G o~ x {8). It follows that 

(16) {a 2 ,b, x} = 0, for every a € Ann(a x (5)), b € A sa and x G cr x (5). 

It is known that a can be written in the form a = a\ — 02, where a\ 
and 02 are two orthogonal positive elements in A sa . It is also known that 
Q(a){A sa ) G Xxm(a x {5)). Therefore, a\ = Q(a)(ai) G Ann(a x (5)) and 
hence a\A sa = Q(af)(A sa ) C Ann(c x (5)). This implies that the ideal of A sa 
generated by a\ lies in Amx[a x {S)), which guarantees that a\ G Ann(a x (5)). 

We can similarly show that 02 belongs to Ann(cr x (<5)). A similar argument 

1 1 

shows that a|,a| G Ann(<r x (5)). Now, we deduce from (fT6|) that 

(17) {a, b, x} = {ai,b, x} - {a 2 , b, x} = 0, 

for every a G Ann(<7 x (<5)), b G A sa and x G a x {5), or equivalently, 5L(a,b) 
and L(a, b)S are continuous operators for every a G Ann(cr x (5)) and b G A sa . 

Since A is abelian, L(a,b) = Q(a,b) in A sa , it follows from (fTT|) . that 
5Q(a,b) and Q(a,b)5 are continuous operators from to A for every 
a G Ann(<7 x (<5)) and b G A sa . This implies that 

(18) {a,x,b} = 0, for every a G Ann(<r x (5)), b G A sa and x G cr x (8). 
Finally, given a,c in Ann(<7 x (5)), we deduce from (fTHj) that 

Q(a + c)(a x (5)) = Q(a)(a x (5)) + Q(c)(a x (5)) + 2Q(a, c)(a x (5)) = 0, 
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which shows that a + c G Ann(<r x (<5)), and hence the latter is a linear 
subspace of A sa . □ 

Given any element x in a C*-algebra A, we shall denote by C{x) the 
C*-subalgebra of A generated by x. 

The following theorem, due to J. Cuntz (see [13]) will be required later. 

Lemma 19. [13, Theorem 1.3] Let A be a C* -algebra and f a linear func- 
tional on A. If f is continuous on C(h) for all h = h* in A, then A is 
continuous on A. By the uniform boundedness theorem, a linear mapping 
T from A to a normed space X is continuous if and only if it restriction to 
C{h) is continuous for all h = h* in A. □ 

Let 5 : A — >■ X be a triple derivation from a C*-algebra to a Banach 
triple vl-module. For each self-adjoint element h in A, the Banach space X 
can be regarded as a Jordan Banach C(/t)-module by restricting the module 
operation from A to C(h). Since 5\c(h) '■ C(h) — > X is a triple derivation 
from an abelian C*-algebra into a Banach triple C(/t)-module, Proposition 
ITBl assures that 5|c(fr) is continuous. Combining this argument with the 
above Cuntz's theorem we have: 

Theorem 20. Let A be a C* -algebra. Then every triple derivation from A 
(respectively, from A sa ) into a complex (respectively, real) Jordan Banach 
triple A-module is continuous. □ 

Since every Jordan derivation is a triple derivation, and every Jordan 
module is a Jordan triple module, we have: 

Corollary 21 (Solution to Problem 2). Let A be a C* -algebra. Then every 
Jordan derivation from A into a Jordan-Banach A-module X is continuous. .□ 

It is due to B.E. Johnson that every continuous Jordan derivation from 
a C*-algebra A to a Banach ^4-bimodule is a derivation (cf. [31, Theorem 
6.2]). As we have just seen, the hypothesis of continuity can be omitted in 
the just quoted theorem. Thus: 

Corollary 22 (Solution to Problem 1). Let A be a C* -algebra. Then every 
Jordan derivation from A into a Banach A-bimodule X is continuous. In 
particular, every Jordan derivation from A to X is a derivation, by Johnson's 
theorem. □ 

Let D : A — >■ X be an associative (resp., Jordan) derivation from a C*- 
algebra to a Banach yl-bimodule. The space X, regarded as a real Banach 
space, is a real Banach triple ^4 sa -module with respect to the product defined 
in (|15p . where, in this case, one element in (a,b,c) is taken in X and the 
other two in A sa . The restriction of D to A sa , 5 = D\^ sa : A sa — > X is a 
(real linear) triple derivation. Hence, Theorem 1201 implies that 5 (and hence 
D) is continuous. Thus: 
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Corollary 23 (Ringrose). Let A be a C* -algebra. Then every derivation 
from A into a Banach A-bimodule X is continuous. □ 

In [23], U. Haagerup and N.J. Laustsen presented a new proof of Johnson's 
Theorem. Applying a result of automatic continuity in |25} Corollary 2.3], 
the just quoted authors proved that every Jordan derivation from a C*- 
algebra A to A* is bounded and hence an inner derivation (cf. [23, Corollary 
2.5]). 

In [6], M. Bresar studied a more general class of Jordan derivations from 
a C*-algebra A to an ^4-bimodule X. An additive mapping d : A — > X 
satisfying d(aob) = d{a) ob + aod(b), for every a, b £ A, is called an additive 
Jordan derivation. An additive Jordan derivation is said to be proper when it 
is not an associative derivation. Every (linear) Jordan derivation D : A —> X 
is an additive Jordan derivation. However, the reciprocal implication is, in 
general, false. Actually, from [6], Theorem 5.1], for each unital C*-algebra 
A, then there exists a proper additive Jordan derivation from A into some 
unital A-bimodule if, and only if, A contains an ideal of codimension one. 
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